We show in a straightforward way, using the Clifford bundle formalism, that indeed (as found recently in Kiriushcheva, Kuzmin, and McKeon [3]) the Einstein-Hilbert Lagrangian density cannot be written in any coordinate gauge as an exact differential in a 2-dimensional spacetime. Since this is contrary to well known statements on the subject found in the literature it is necessary to explain the mathematical meaning of the result. This is done in this paper.
In [3] authors claim to have shown that: 'if general covariance is to be preserved (that is, a coordinate system is not fixed) the well known triviality of the Einstein field equations in two dimensions is not a sufficient condition for the Einstein-Hilbert action to be a total divergence'. Well, although this statement is correct, it did not explain the main result of [3] (namely that contrary to well known statements, as, e.g., in [2] ) the Einstein-Hilbert Lagrangian density in a 2-dimensional spacetime is not simply an exact differential in any coordinate gauge. In what follows we explain the mathematical reason for why the result of [3] is correct.
To attain our objective in the most efficacious way we shall use in what follows the Clifford bundle formalism as developed in [8] , from where we use the main notations, and where in particular (M, g, ∇, τ g , ↑) denotes a Lorentzian spacetime. We shall explicitly calculate the Einstein-Hilbert Lagrangian density in an arbitrary chart (U, ϕ) of the maximal atlas of M with coordinate functions {x µ }. We start by recalling some well known results concerning the differential geometry a n-dimensional Lorentzian manifold, which can be easily derived using the Clifford bundle of differential forms Cℓ(M, g) [8] .
Let {e
1 a coordinate basis and {ϑ µ = dx µ } the corresponding dual basis, i.e., dx µ (
We also have g(e µ , e ν ) = g µν = diag(1, −1, . . . , −1),
The frame {e µ := g µν ∂ ∂x ν } ∈ sec F (M ) is called the reciprocal of the frame {e µ } and the coframe {ϑ µ = g µν ϑ ν } is called the reciprocal of the coframe {ϑ µ },
We introduce also an orthonormal frame {e a } ∈ secP SO e 1,n−1 (M ) (called a tetrad) and its dual coframe {θ a } (called a cotetrad) which are basis for T U and T * U . Using obvious notation we represent the reciprocal of the frame {e a } (respectively coframe {θ a }) by {e a } (respectively {θ a }). We have
The following identities are easily shown to be true:
where the ω a b are the connection 1-form fields. We put
Moreover, we recall that:
It is trivial also to show that an analogous formula holds for ϑ α1...αr =
, and where
βν are the Christoffel symbols defined by:
1 . Note that each eµ ∈ sec T M . i.e., is a vector field. Also, each dx µ ∈ sec T * M and µ = 1, 2, . . . , n. In what follows F (M ) denotes the frame bundle and P SO e 1,n−1 (M ) denotes the orthonormal frame bundle and P SO e 1,n−1 (M ) the orthonormal coframe bundle. 2 The boldface indices take the values 1, 2,. . . , n.
The following result is a useful one.Let
In Eq. (8) δA p = −∂·A p is the Hodge codifferential given by
In particular, if A ∈ sec
and a = g(A, ) = A µ e µ ∈ sec T M we may verify that the Hodge codifferential of A is
5. Now, the Einstein-Hilbert Lagrangian density in a n-dimensional Lorentzian
where R denotes as usual the curvature scalar, it is a legitimate scalar function which has, as such, the same value in a given spacetime point when calculated in any coordinate chart of the maximal of M. 6. Cartan's structure equations for a general n-dimensional Lorentzian spacetime are:
where ω 3 The Clifford product is denoted by juxtaposition of symbols. 4 Once an orthonormal basis is fixed we suppose for doing calculations that ω a b ∈ sec 1 T * M ֒→ sec Cℓ(M, g).
7
. With these preliminaries we can rewrite the Einstein-Hilbert Lagrangian density (in natural units) as:
Indeed, we have immediately using the formulas of Chapter 2 of [8] , that
and since
it follows that −θ c (θ
. Now, with a little bit more of algebra we can write the Einstein-Hilbert Lagrangian density as:
where
is the first order Lagrangian density (first introduced by Einstein) written in intrinsic form. Indeed, to prove Eq.(16) we observe that using Cartan's second structure equation and Eq.(4) we can write L EH as:
Also, L EH can be written as
We now calculate, e.g.,
We have:
Recalling that ω
Of course, if repeat the calculation using an orthonormal coframe we get recalling that ω
Eq. (21) shows thatL g and L g are indeed expressions for the first order Einstein Lagrangian density in different gauges. Moreover, Eq. (21) shows that, e.g., we can writeL g = L ΓΓ d n x where
It is very important to notice that as defined L ΓΓ is not a scalar nor is it a scalar density, to use the wording of old textbooks in differential geometry and general relativity (see, e.g., [1] ). So, it lacks 'covariance', it value in particular may depend on the coordinate chart used, so it is not a good quantity to work if we are interested in invariance arguments. In [3] it is claimed that L ΓΓ (or which is the sameL g ), when expressed in an arbitrary coordinate chart where g 12 = 0 is not zero, in general, for a 2-dimensional spacetime, and so cannot be expressed as an exact differential, and this is correct. However, as it is easy to see (see below) L g = 0 under these conditions, and so in the orthonormal gauge (in whatever coordinate chart) L EH is an exact differential. So, which is the explanation? Before we give it, we give the proof of the statement just done above, i.e., thatL g = 0 in a 2-dimensional spacetime, which implies also that L ΓΓ = 0 in this case.
Recall that when dimM = 2 only ω 12 = −ω 21 is non null. So, the second member of Eq. (22) is :
9. Now, for the sought explanation. Note that although we can write (in obvious notation)
it is not true, e.g., that
Only the sums indicated in Eq.(25) define a n-form with tensorial properties. The parcels are coordinate gauge dependent as is trivial to verify, and there is no mystery in this statement, although it may look odd at first sight.
10. We now obtain a very convenient form for L g using a cotetrad {θ a }, which may be appropriately called the Thirring Lagrangian [9, 6, 7, 8] .To do that, we first verify using Cartan's first structure equation that
Using Eq.(26) in Eq.(17) we get,
which after some algebraic manipulations using, e.g., the identities of Chapter 2 of [8] , reduces to
or equivalently,
Eq.(29) is the basis for a possible formulation of gravitational theory in Minkowski spacetime, once we introduce the concept of deformation extensor fields. Details are to be found in [8] 11. The expression for L g given, e.g., by Eq.(28) (or Eq.(29)) obviously defines a unique n-form when expressed in any coordinate chart. Since it does not contain the gauge dependent connection 1-forms ω a b and since moreover it is null for a 2-dimensional spacetime someone may be may think that L EH is indeed an exact differential in that case, but, as noted above this conclusion is incorrect since Eq.(28) (or Eq.(29)) can only be written for gauges defined for cotetrad fields.
12.
For completeness it remains to calculate the 'divergence term' using Clifford algebras method, since it shows how powerful and economic is this formalism. We give the result for a n-dimensional spacetime.
We have,
Finally,
